arXiv:1508.07443vl [math.PR] 29 Aug 2015 


POINCARE-TYPE INEQUALITIES FOR SINGULAR 
STABLE-LIKE DIRICHLET FORMS 

JIAN WANG 


Abstract. This paper is concerned with a class of singular stable-like Dirichlet 
forms on which are generated by d independent copies of a one-dimensional 
symmetric a-stable process, and whose Levy jump kernel measure is concentrated 
on the union of the coordinate axes. Explicit and sharp criteria for Poincare 
inequality, super Poincare inequality and weak Poincare inequality of such singular 
Dirichlet forms are presented. When the reference measure is a product measure 
on R'^, we also consider the entropy inequality for the associated Dirichlet forms, 
which is similar to the log-Sobolev inequality for local Dirichlet forms, and enjoys 
the tensorisation property. 

Keywords: singular stable-like non-local Dirichlet form; (super/weak) Poincare 
inequality; entropy inequality; tensorisation property; Lyapunov type conditions 
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1. Introduction and Main Results 

1.1. Background for Functional Inequalities of Singular Stable-like Dirich¬ 
let Forms. Let ^v{dx) = dx be a probability measure on where V G 

C'^(R'^). In the past few years functional inequalities for the following local Dirichlet 
form {Db,^{Db)). 

DbUJ)^ j\Vf{x)p^tv(dx), 

SliDs) = {/ e Lyat ^l) : DbU, /)<«)} 

have been intensely investigated by several probabilists. One of the motivations 
comes from the study of the ergodicity for diffusion semigroups associated with the 
second order elliptic operator 


LbJ = Af-VV- V/, 

which is the generator of the Dirichlet form {Db, ^{Db)), and also is the generator 
of the following stochastic differential equation 

dXt = V2dBt - VV{Xt) dt, 

where is a standard Brownian motion on R'^. Note that the coordinate 

processes of dxe d independent copies of a one-dimensional Brownian motion. 

One dimensional Brownian motion is a member of the class of one dimensional strong 
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Markov processes, called symmetric a-stable processes on R. A one dimensional 
symmetric a-stable process with index a G (0, 2] is the Levy process so that 


E 






for t > 0 and ^ G R. 


When a = 2, is just a Brownian motion but running at twice the speed. 

However for a G (0, 2), is a purely discontinuous Levy process with no drift, 

no Gaussian part, and Levy measure 

n{dh) = Ca/\h\^~^°' dh, 

where Cq = ■ Recently there has been intense interest on the study of 

processes with jumps. So it is natural to ask functional inequalities as above when 
Brownian motion is replaced by d independent copies of a one-dimensional 

symmetric a-stable process. This is the topic of this paper. 

We now give a more precise motivation of this paper. For any t > 0, let 
Zt = {Zl, • • • , Zf) be a vector of d independent one-dimensional symmetric a-stable 
processes with index a G (0,2). Consider the following stochastic differential equa¬ 
tion (SDE) 

(1.1) dXt = dZt + b{Xt) dt 

with some regularity drift term b, such that the equation (1.1) has a unique weak (or 
strong) solution (W)t>o and a unique invariant probability measure /i. (Surely there 
is a close relation between the drift term b and the invariant measure fi, and we will 
discuss it in another paper). The existence of unique weak and strong solution to 
the SDE (1.1) have been studied in [1] and [13], respectively. Now, let {Pt)t^o be 
the semigroup of the process {Xt)t^o on L^(R'^; /r). Then, for any / G C'^(R'^) and 
X G R'^, 

lim ^ [ Psf{x)ds = nif). 
t^OO t Jq 

We are interested in measuring the way of Pt converging to its equilibrium distribu¬ 
tion yU. 

For simplicity, below we take the L^(R'^; yu)-norm for example, i.e. to consider the 
bound for \\Pt{f) — h(/)||L2(Rrf;^() for / ^ L^(R'^;/i). Note that the process {Zt)t^o is 
a d-dimensional Levy process, and it picks a coordinate at random from {1,..., d} 
and then jumps a positive or negative distance in that direction. Therefore, the 
Levy measure for {Zt)t^Q is more singular than that of the spherically symmetric 
a-stable process (see vs{d^) below), and it is concentrated on the union of the 
coordinate axes, a one-dimensional subset of R'^; that is, the density with respect to 
the Lebesgue measure of the Levy measure for the process {Zt)t^o is given by 

Ca ^d{x2=0,...,Xd=0} + • • • + '5{xi=0,..,Xd_i=0}j^rpTF^ ’ 

where Sa is Dirac measure of the set A C R*^. Hence, the generator of the process 
(^*) t^o enjoys the following expression 








POINCARE-TYPE INEQUALITIES FOR SINGULAR STABLE-LIKE DIRICHLET FORMS 3 


2—1 


d—i 


where e* = (0,..., 0,1, 0,..., O) for \ ^ i ^ d. Furthermore, by some formal 
calculation, for every / e such that yu(/) =0, 

= 2 j{LPJ)PJdix 

" '• {pj(x + zei)-PJix)Y 






1 1+a 


= -Cr 




{Ptf{x + zei) -Ptf{x)y 


i=l '^R'^xR 


\z 


1+a 


dzfi{dx)+ / L{{PtfY)d^ 


dz jji^dx) 


where in the second equality we have used the fact that 

" {f{x +zci) - f{x)y 

1—1 


d n 

L{f)=2fLf + c^y' / 

i=i 


11+a 


dz, 


and the third equality is due to that ji is an invariant probability measure and 

[ L((Pt/)2)d/i = 0. 


Therefore, if one can prove 
r'r _ . 

( 1 . 2 ) 


2 JR'^xR 


{f{x + zei) - f{x)y 

I ^ 11+a 


dz jji^dx), fi{f) = 0 


holds for some constant C > 0, then for every / G C'^(R'^) such that /i(/) = 0, 

This implies that for every / G C“(R'^) such that /i(/) = 0, 

KiPtff) < t > 0. 


In particular, we have 

ITi/~ F(/)llL 2 (Rd;^) ^ e — /i(/)||L 2 (iad;^), t > 0, / G L^(R'^; /i), 

which is our desired assertion. In particular, (1.2) motivates us to study the following 
bilinear form 




1 A /• {f{x + zei) - f{x)y 


dz fi{dx). 


Let ^{D) be the closure of C'^(R'^) under the Pi-norm 

II/IU.:=(II/IIFr-;„)+ £>(/./))■-'". 

Then, according to [7, Example 1.2.4], {D,S>{D)) is regular symmetric Dirichlet 
form on L^(R'^; p). In this setting, (1.2) is the Poincare inequality for the Dirichlet 
form {D, ^{D)), which will be stated explicitly in Theorem 1.1 below. 
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The main goal of this paper is to prove various Poincare type inequalities for the 
Dirichlet form {D, ^{D)). Recently, explicit criteria have been presented in [4, 6, 17] 
for functional inequalities of the following (standard) stable-like Dirichlet form 

DsUJ)-U + fe^Ds). 

where &{Ds) is the closure of under the Ds^i-norm 

WfWos, :=(ll/lli.(E-„, + Bs(/,/))''". 


Different from the singular stable-like Dirichlet form {D, ^{D)) considered in the 
present paper, the Levy jump kernel of {Ds, ^{Ds)) is associated with spherically 
symmetric a-stable processes in [17], and it is given by 


where Cd,a = 


a2°‘-^T({d+a)/2) 


7rrf/2r(l-a/2) 

Comparing with the method for the proofs of Poincare type inequalities for 


{Ds,^{Ds)) in [17], in order to get the corresponding functional inequalities for 
{D, ^{D)), we will face with two fundamental differences: 


(1) The efficient approach to yield functional inequalities for {Ds, ^(Ds)) is to 
check the Lyapunov type condition for the associated generator, which heav¬ 
ily depends on the corresponding Levy jump kernel i>s{dz). In particular, 
the Lyapunov function 0 we choose in [17] is of the form (j){x) = \x\^ with 
some constant jS G (0,1 A a) for \x\ large enough. Such test function 0 is 
useful for the generator of (D, ^{D)), but the argument of [17, Proposition 
2.3] does not work in the present setting. 

(2) Another ingredient to obtain Poincare inequality and super Poincare inequal¬ 
ity for {Ds, ^{Ds)) is to prove the local Poincare inequality and the local su¬ 
per Poincare inequality. The local super Poincare inequality for {Ds, ^{Ds)) 
is derived from the classical Sobolev inequality for fractional Laplacians; 
while the local Poincare inequality for {Ds, S){Ds)) is easily obtained by 
applying the Cauchy-Schwarz inequality to local variance. However we are 
unable to use these approaches here, since the Levy jump kernel for the 
Dirichlet form {D, ^{D)) is much more singular. 

Due to the above differences and difficulties, obtaining the criteria for Poincare 
inequality and super Poincare inequality for {D, 3>{D)) requires new approaches and 
ideas, which include the following two points: 


(3) The new choice of Lyapunov function (j) (a little different from that in [17]) 
for the generator associated with {D, S){D)). Some more rehned calculations 
are required, due to the character of Levy jump kernel for the Dirichlet form 
{D, S!{D)). (See Proposition 2.3 and its proof.) 

(4) The local super Poincare inequality for {D, S'{D)), where a new direct proof 
of the local functional inequality for singular non-local Dirichlet forms is 
given. (See Proposition 2.4.) An application of the more recent result on the 
equivalence of defective Poincare inequality and true Poincare inequality for 
symmetric conservative Dirichlet forms developed in [15], yields the desired 
Poincare inequality for {D, S>{D)), and circumvents the difficulty of proving 
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the local Poincare inequality for {D,^{D)). (See the proof of Theorem 

1 . 1 ( 1 ).) 


1.2. Main Results: Criteria for Functional Inequalities of Singular Stable¬ 
like Dirichlet Forms. Throughout the paper, we always suppose that fi{dx) = 
^v{dx) := e~^ dx is a probability measure on such that e~^ is a bounded mea¬ 
surable function on R'^. We emphasize that unlike [17] no -regularity on V is 
needed in the present paper. For any x G R'^, set 

r,';;f(a:) := inf inf 


r 


sup 


(x) 


sup 


g U(^l 5 ■ ■ ■ 1 5 ■ ■ ■ ) 

\ui\^\xi\ 


and 


A(x) 


(1 -h |a;|)^+"' 


Furthermore, we dehne 


$(r) = inf A(a;), r > 0. 

\x\'^r 

We are now in a position to state the main result in our paper. 


Theorem 1.1. Suppose that there exists a constant 7 G (0, a A 1) such that 

\x\l+a-iYV (x) 

(1.3) hmsup- y -= 0. 

ixKoo ri';f(x) 

ITe have the following statements. 

( 1 ) //lim 

r—>-oo $(r) > 0, then the following Poincare inequality 

( 1 . 4 ) Mf)^CD{fJ)+Mff, f^^{D) 

holds with some constant C > 0 . 

(2) //lim^^oo *h(r) = 00 , then the following super Poincare inequality 

(1.5) ^^y{f)^sD{fJ)+ft{s)^^v{\f\)^ s>0Je^{D) 

holds with 

,3(s) = C,(l + ) 

(inf|r|«*-i(C2(i+i/.))e’'W) 

for some constants Ci and C 2 > 0 , where is the generalized inverse of 
i.e. <I)“^(r) = inf{s ^ 0 : <F(s) ^ r}. 


The following corollary shows that Theorem 1.1 is sharp in some situation. 


Corollary 1.2. Let 

=c-,,.,, n(i+ix.i)-'‘+'<> 

i=l 

with e* > 0 for all 1 ^i ^ d. 

(1) The Poincare inequality (1.4) holds with some constant C > 0 if and only if 
£i ^ Ci for all 1 ^i ^ d. 
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(2) The super Poincare inequality (1.5) holds with some function ft : (0, cxo) —)■ 
( 0 , cxo) if and only if Si > a for all 1 ^ i ^ d, and in this case there exists a 
constant c > 0 such that the super Poincare inequality (1.5) holds with 


ft{r) ^ c 



(2a + d) 

a{e*—a) / 


r > 0 , 


where e* = and equivalently, 

/ , G^+^lE|=ia+£i)'l 

^ A I 1 + t a(s,-a) ) 


t > 0 


holds with some constant A > 0. 


We give two remarks on Corollary 1.2, which point out the difference between 
Dirichlet form {D,^{D)) and {Ds,^{Ds)). Since {D,^{D)) is just {Ds,Si{Ds)) 
when d = 1, we assume that d ^ 2 below. Both reference measures /i in [D, ^{D)) 
and {Ds, ^{Ds)) are given by ii{dx) = yU.y(dx) = dx. 

(i) Let 

.,,n(i+ixii)-c+'*> 

i=l 

with Si a for all 1 ^ i ^ d. We know from Corollary 1.2 above that the 
Poincare inequality holds for {D, ^{D))] however, we do not know whether 
the Poincare inequality holds for the standard Dirichlet form {Ds, ^{Ds)), 
because the assumptions of [17, Theorem 1.1] are not satisfied. 

(ii) Let 

= C,,d{l + \x\)-^^+^^ 

with e > 0. Then, according to [17, Corollary 1.2], we know that the Poincare 
inequality holds for the Dirichlet form {Ds, ^{Ds)) if and only if e ^ a, and 
the super Poincare inequality holds for {Ds,f^{Ds)) if and only if e > a. 
On the other hand, we do not know whether the Poincare inequality holds 
for the Dirichlet form {D, ^{D)) for any e > 0, since the assumptions of 
Theorem 1.1 do not hold for all e > 0. 

The following corollary further indicates that the conclusions of Theorem 1.1 are 
explicit in some setting. 

Corollary 1.3. Let 

d 

^ 1[{1 + lx,!)-('+“) log-^»(e + |x,|) 

i=l 

with G R for all 1 ^ i ^ d. 

(1) The Poincare inequality (1.4) holds for some constant C > 0 if and only if 
Ei ^ 0 for all 1 ^ i ^ d. 

(2) The super Poincare inequality (1.5) holds for some function ft : (0, cxo) —)■ 
(0, cxo) if and only if Si > 0 for all 1 ^ i ^ d, and in this case there exists a 
constant c > 0 such that the super Poincare inequality (1.5) holds with 

/5(r) ^ exp ^c(l + j, r>0 
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for some constants c > 0 and e* = so that when > 1, 

^ ^Xp (^A(l + , t > 0 

holds for some constant A > 0. The rate function fd above is sharp in the 
sense that (1.5) does not hold if 

lim log /3(r) = 0. 

r^O 

In particular, the following log-Sobolev inequality 

Mf^ogf) ^ CD{fJ), f e = 1 

holds for some eonstant C > 0 if and only if Si^ 1 for all 1 ^ i ^ d. 

Both Corollaries 1.2 and 1.3 are concerned with Poincare-type ineqnalities for 
product measures. As mentioned in the remark after the proof of Theorem 3.1 in 
Section 3, Poincare inequalities for Corollaries 1.2(1) and 1.3(1) can be obtained 
from the results of [17] in one-dimensional setting and the well-known tensorisation 
procedure. In the following example, we consider product measure with variable 
order. We mention that the Poincare inequality for such measure can not be deduced 
directly by tensorisation argument. 


Example 1.4. Let 


„-V{x) _ 


CfJ(l + 


2=1 


where for all 1 ^ i ^ d, is a bounded Borel measurable function such that 
infa,gRd aj(x) > 0, and C* > 0 is the normalizing constant. Define 

a*{x\ui) := aj{{xi,... ,Xi-i,Ui,Xi+i,.. .Xd)), a; e n* G R, 1 ^ i,j ^ d. 

Suppose that for |a:| large enough and for all 1 ^ j ^ d, 

(1.6) Mj{x) := inf inf a*{x\ui) ^ sup sup a*Ax\ui) =: Nj{x). 

IsSisSrf \xi\^\x\ly/d 

Then, we have the following statements. 

(1) If for |a:| large enough. 


(17) 


A{x) := inf sup a*{x\ui) ^ a, 


then the Poincare inequality (1.4) holds with some constant C* > 0. 

(2) If 

A* := liminf A(x) > a, 

\x\^CiO 

then for any e > 0, there is a constant c = c{e) > 0 such that the super 
Poincare inequality (1.5) holds with 


( 1 , 8 ) 


d , (2a+rf)ELi(i+gp 


/3(r) ^ c ^1-|-r a(A*-s-oc) JJ^ r > 0, 

where Bi = sup^-gj^d aj(x) for all 1 ^ ^ d. If moreover 'm.i\x\^rA{x) is 

constant for r large enough, then (1.8) is satisfied with e = 0, i.e. 


, ( d , (2^+d)£ti(i+ap ^ 

/3(r) ^ Co ( 1 -|- r a{A*-a) ) 


r > 0. 
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The remainder of this paper is arranged as follows. The next section is devoted to 
the preliminary analysis on singular stable-like Dirichlet form {D, S>{D)). The Lya¬ 
punov type drift condition for the associated truncated Dirichlet form (D>i, 
is established, and the local super Poincare inequality for {D, S){D)) is also pre¬ 
sented. In Section 3, we will prove Theorem 1.1 and Corollaries 1.2, 1.3 and Example 
1.4. In particular, on the one hand, when the reference measure is a product measure 
on IR'^, the entropy inequality for (D, S){D)) is considered here, which shows that 
(D, 3)[D)) enjoys the tensorisation property; on the other hand, the weak Poincare 
inequality for {D,^{D)) is also included, which can be regarded as a complement 
of Theorem 1.1. 


2. Preliminary Analysis on Singular Stable-like Dirichlet Forms 


Let nv{dx) = e dx be a probability measure on such that e is a bounded 
measurable function. For any / G C'^(R'^), since 


E 


i=l 


I l+Q: 


^4(|1/|UV||V/|1. 
< oo, 


i=l ' 


1 A 




l + Q 


dz ^v{dx) 


we can well dehne 

D{fJ) 


1 A /• {f{x + zei) - f{x))^ 


dz nvi^dx). 


For any x, y E R*^, set 

J(x,y) := + e''“) 

. / 1 1 \ 

X |^d{a,2-y2=0,...,Xd-yd=0} 1^^ _ y^^l+a + ' ' ' + 0 {xi-yi= 0 ,...,xa-i-yd-i= 0 } _ y^^l+a J ’ 

where 6a is Dirac measure of the set A. Then, 

D{fJ) = l: f {f{x)-f{y)fJ{x,y)yv{dx)yv{dy), 

and J{x,y) is the associated Levy jump kernel measure. Furthermore, it is easy to 
check that 

xH-y {l A\x -y\‘^)J{x,y) yv{dy) E yv)- 

Let S){D) be the closure of C'j“(R'^) under the Di-norm 


Then, we know from [7, Example 1.2.4] that (D, ^{D)) is a regular symmetric 
Dirichlet form on L^(R‘^;/iy). Furthermore, denote by {Pt)t^o the semigroup on 
L^(R'^;/iy) associated with {D, ^{D)), which can be extended into L°°(R'^;/ry), 
e.g. see [7, Page 56]. Since /iy is a symmetric and invariant probability measure of 
{Pt)t^o, 1 = hy(l) = y^v{PA) foi’ each t > 0, which implies that Pfl(x) = 1 for all 
f > 0 and almost all x E R^^. Then, the Dirichlet form (D, S>{D)) is conservative. 
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To deal with functional inequalities for the Dirichlet form {D,^{D)), we will 
make full use of the truncation approach. For this, we dehne for any / G 


^ i=i 


(f{x + zei) - f{x)Y 
I ^|i+« 


i=l >''{R‘*xR;p|>l} 

Let ^{Dyi) be the closure of under the norm 


dz fiv{dx). 


It is clear that Dyi{f,f) ^ D{f,f), and so ^{D) C ^{Dyi). From this, we also 
can easily conclude that (F*>i, ^{D^i)) is a regular symmetric Dirichlet form on 

Denote by R(R'^) the set of measurable functions on R'^, and by i?6(R'^) the set 
of bounded measurable functions on R'^. For any / G i?6(R'^), dehne 


L>if{x) -=1^2 f 

^ i=i -^{hl>i} 


^V(x)-V(x+zei) _j_ 


I 1-\-ol 


dz. 


We have 


Proposition 2.1. (1) For any f, g & R;,(R'^), 

D>i{f,g) = - j fL^igdfrv 

(2) For 0 < 7 < a, let 

*^7 •= I S' ^ i?(R'^) : there exists a constant C > 0 such that 

\g{x) — g{y)\ ^ C\x — for any x,i/ G R*^ with \x — y\ > l|. 

Then, i?fe(R'^) C and for any g G Lyig exists pointwise as a locally bounded 


function. Moreover for any f G i?fe(R“) and any g G 

d 


E / 


\f{x + zei) - f{x)\\g{x + zci) - g{x)\ 


I l+Q: 


dz p.v{dx) < oo 


and 

- / f{x)L^ig{x)nv{dx) 


1 


E 


(/(x + zCi) - f{x)){g{x + zCi) - g{x)) 


^{R'^x]R,:|2:|>1} 


I l+ct 


dz piy{dx) 


Proof. (1) We hrst note that for any g G i?6(R'^) and x G R*^, 

\g{x + zci) - g{x)\ 


E / 

^ i=i 


11 +Ct 


dz 


2d 




^ —(l + l|e ' llooe' 
a 


>)ll9lU. 
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which implies that L^ig is well defined. On the other hand, for any f,gE 
^ d 


fLyig djj,v 




CX) i/ CX) 


E 


i=l >^{R'^xR:p|>l} F 


OO i/ CO 


E 


I l+a 
1 


./{R‘ixR:|z|>l} R 


l+a 


+ 


colli/ ||co 


E 




dz dx 


e-v{x+zei) dz dx 


l+a 


i=l >''{R‘^xR:|2|>1} 

=2||/|U||j|uf " 


i=l ■1{R‘*xR:|2|>1} 


l+Q: 


dz dx 


4C?II/I|oo||^||c 


a 


where the second equality follows from the change of the variable x ^ x + zci in the 
second term of the first equality. Thus, J fLyigdfxy is also well defined. 
Furthermore, for any f,gE 


/(x)L>i5((x) nv{dx) 


-^E 


f{x){g{x + zej) - g{x)) f^_v{x) ^ ^-vix+ze^) 


i=l >^{R‘*xR:|2|>1} 


I l+Q: 


dz dx. 


Changing the variables z —z and x —)■ x + ze, in the right hand side, we get 
- / f{x)Lyig{x)g,v{dx) 


--.E 


fix + zei){g{x) - g{x + zCj)) f^_v{x) ^ ^-v(x+zei) 


J {R'^x]R,:|2:|>1} 


I l+Q 


dz dx. 


Therefore, for any f,gE i?{,(R'^), 

- J fix)L>igix)nvidx) 

(fix + zCi) - fix))igix + zCi) - gix)) 


-E / 

4 i{RrfxR:|2|>l} 


I l+Q 


-E / 

4 i{RrfxR:|2|>l} 


X dzdx 

ifix + zei)-fix))igix + zei)-gix)) ^_y^^^ dx 


I l+Q 


-E / 

^ i=l -''{R‘*xR:|2|>1} 


ifjx + zej) - f{x)){g{x + zej) - gjx)) 


I l+Q 


dz dx 




(fix + zCi) - fix))igix + zCi) - gix)) 


J {R‘*xR:|2|>1} 


I l+Q 


dz fividx) 
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= DMf,g), 

where the third equality follows from the change of variables z —z and x —)■ x+zci 
again in the second term of the second equality. 

(2) By the definition of it is easy to see that i?fe(lR'^) C For any g G 

d 


\L>ig{x)\ ^^(1 + ||e ^ [ \g{x + zei) - g{x) 

^ .=1 J{\z\>l} 


I l+a 


dz 


<- 


dC 


(1 + 


,-V|| ^Vix) 




a — 7 

from which we know that Lyig{x) is a well-defined and locally bounded function on 
R,'^. On the other hand, 

d 


^1 \f{x + zei)-f{x)\\g{x + zei)-g{x)\ 

2^ , -- dzg^vidx) 

i=l \Z\ 


< 


< 


d „ 

cE/ 

Jn 


\f{x + zei) - f{x)\ 


i=l {R‘^xR:|2:|>1} 

40d||/|U 

a — 7 


I l+a—7 


dz fiv{dx) 


Then the last assertion follows from the argument in part (1). 


□ 


Remark 2.2. According to Proposition 2.1(1), the operator L>i is a (formal) gener¬ 
ator of the Dirichlet form (/l>i, ^{Dyl)). However, to verify that the operator L>i 
maps i?fe(R'^) into L^(R'^;/iy), we need some additional assumption. For sufficient 
conditions that L>i maps F^(R'^;yU,v), one can refer to [5, Theorem 

2 . 1 ]. 

Let 7 G (0,1 A a) and define 

d 

(j){x) = 1 + X] Ixip, 

i=l 

which is the Lyapunov function we mentioned in Remark (3) in the end of Section 
1.1. Then, for any x,y E R'^, 

d d 

\(j){x) -(j){y)\ 7 \yiV\ ^ ^ d\x-y\"^, 

i=l i=l 

and so (j) E ^ry. It follows from Proposition 2.1(2) that L>i0(a;) is a well-defined 
locally bounded function on R*^. Indeed, we have the following explicit estimate for 
L>i(j){x). 

Proposition 2.3. For any x E R'^, let FFy(x), F^p(a:) and A(x) be these defined in 
Theorem 1.1. Suppose that (1.3) holds with some 'j E (0, a A 1), and 

pV[x)YV ( \ 

(2.9) liminf , ’ > 0. 

|a:Koo 

Then, there exist constants Ci, C 2 and tq > 0 such that for all x E R*^, 

( 2 . 10 ) L^i(p{x) ^ -CiA{x)(p{x)lB{0,rorix) + C2tB{0,ro)ix). 
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Proof. According to Proposition 2.1(2), we only need to verify (2.10) for \x\ large 
enough. First, by the fact that for any a, fe G R, |a + h\^ ^ |a|'^ + |6|'^, we get that 
for any a; G R'^, 


1 






dz 


d 


a — 7 


On the other hand, for |a;| > 2^/'^\fd large enough, there is an integer 1 ^ k ^ d 
such that \xk\ ^ \x\/\fd, and so 


/ {(P{x + zci) - fix)) 


{x)-V{x+zei) 


.V{x) d 


I 1-\-ol 


dz 


E 


i=i -^{hl>i} 
,V{x) r d 


\Xi + z\ 

7 _ 

\Xi\ 

7 

\z\ 

l+a 


dz 


- i=i “'{hi+^|<|3;i|,|2|>l} 

d „ 

i=l >^{hi+2|^|a:i|,|2|>l} 


\Xi + z\ 

7 _ 

\Xi\ 

7 


\z 

1 l+a 




\xi + 2: 

\1 _ \'V ■\ 

7 



1 l+a 


dz 


^-V{x+ze^) 


oV{x) 


< 


\Xk + zf -\XkW _v^^+,e,) 


. ./{|xfc+2|^|Xfe|,|2|>l} 

d „ 

i=l J {\xi+z\'^\xi\,\z\>l} 


I l+a 


dz 


\xi + 2: 

\1 _ \'V ■\ 

7 



1 l+a 


e-Vix+ze,) dz 


where in the inequality above we have dropped the sum with i k, since it is 
negative. It is easy to see that the right hand side is dominated by 


.V{x) 


. a{|xfe+ 2 |sgl,| 2 |>l} ol 


\Xk + zf - \Xkf 
oii+« 


AO) 




+ 


4 


'^{i<hfc+^Ohfcl,|z|>i} 

d n 

J {\xi+z\'^\xi\,\z\>l} 

( I inf e“^Oi’'":^d)) 

\\uk\^l J 


\Xi + 

7 _ 

\Xi\ 

7 



1 l+a 


'{hfc+zOi} O 


dz 

^ dz 
dz 

l + Q 


\Xk[ 


2 n7(i) 


tw>i> I* 


1+a 


dz, 


where in the inequality above we have used the fact that for any z G R with 
^ \x\/\fd ^ 2^/"^ > 2 and | Xk + z\ ^ 1, it holds \z\ ^ \xk\ — \xk + z\ > 1, and we 
also have dropped the second term since it is negative too. Furthermore, combining 
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the fact |xfc| ^ \x\/\fd with (2.9) and (1.3), we find that the right hand side of the 
inequality above is smaller than 


-Ci- 


V{x) V(x) 

:'^Yn{ix)(p{x) + {x) ^ -C3 


^Yniix)(j){x), 


(l+|x|)l+“ ^ " supv-^y - -^(l + |a.|)l+a 

where Ci{i = 1,2,3) are positive constants. Therefore, the desired assertion follows 
from all the estimates above. □ 

Next, we turn to the local super Poincare inequality for {D, ^{D)). As mentioned 
in Section 1, the local super Poincare inequality for {Ds, ^(Ds)) is derived from the 
classical fractional Sobolev inequality, see [17, Lemma 3.1]. However, it seems that 
the Dirichlet form {D, ^{D)) does not have a connection with the fractional Lapla- 
cian — (—A)"/^. Thus, in the following proposition we need a completely different 
approach, which is connected with the property of doubling measure in harmonic 
analysis, see [12]. 

Proposition 2.4. There exists a constant > 0 such that for any f G C')?°(R‘^) 
and r > 0, 


( 2 . 11 ) 

where 




f{x) fividx) ^ tD{f, f) + /3r■(^)/Iu(|/|)^ t > 0, 


Mt) = Cs 


t A P 




V{x)' 


- —dja 


inf 




gy(x) 


(sup|^ 


\^2Vdi 




(inf|a,|^^ 


l-\-d/a 


In particular, for any Tq > 0, there is a constant depending on Tq such that for 
any f G C^(1R‘^) and r ^ Tq, the local Poincare inequality (2.11) holds with 


Mt) = c,{i + t-‘^/‘^) 


(inf|2,|^^ e^P)) 


1+d/a 


for all t > 0. 


Proof. The second assertion immediately follows from the first one, by the fact that 


pV(x) 


the function r i-A — is increasing. Thus, we only need to prove the 

first one, which is split into three steps. 

(1) For any 0 < s ^ r and / G C^(E'^), define 

fs{x) : = 


iRtn M / X G R(0,r), 

1^(0, S) I JBix,s) 

where |i?(0, s)| denotes the volume of the ball with center at 0 and radius s. We 

1 f 


have 


sup \fsix)\ ^ , 

xGB{ 0 ,r) JB{ 0 , 2 r) 


\f{z)\dz, 


and 


' B{ 0 ,r) 


|/*(x)| dx ^ 


'5(0,r) |-S(0, S)| Jb{x,s) 


< 


'5(0,; 


,2r) V 1-^(0) -S)! JB(z,s) J 


1 /( 2 ;)! dz dx 
dx] \f{z) \ dz 
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< [ \f{z)\dz. 

J B(0,2r) 


Thus, 


/ fsi.x)dx^[ sup |/,(a;)| 

’ B(0,r) ' xeB(0,r) 


<- 


'B(0,r) 


ifs(x)jdx 


\f{z)\dz) . 


1-^(0) 'S)l V J B{Q,2r) 

Furthermore, by the Cauchy-Schwarz inequality, for any / G and 0 < 


s ^ r, 


/^(x) dx 


' B{0,r) 

^2 


IB{0,r) 


(fix) - fsix)fdx + 2 f^ix) dx 


' B(0,r) 


(fix) - f{y)f dy dx + 


'5(0,r) |-S(0)^)l JB{x,s) |-S(0)^)l V^5(0,2r) 

Using the convention that (i/o ~ xo)eo = 0 and the inequality that 
(oi + ... + ^ d{ai + ... + a^), oi,..., G IR 


\f{z)\dz 


deduced from the Cauchy-Schwarz inequality again, we find that the right hand side 
is dominated by 


iRinOlS/ / xi)ei +... + {yi 

JB{0,r) JB{x,s) ' 


- f{x + (yi- Xi)ei {yi-i - Xi-i)ei-i)] dy dx 

^ |B(0,s)|(, 

[ \fiz)\dz) 

JB{0,2r) / 

/ f (/(-+-lei + ... + .-.e.) 

-^(0)®) J B{0,r) J {\zi\!i:S} J{\za\^s}^ 


\ 2 

— /(x -f 2:161 -f ... -f 2 ;j_iej_i) j dzi... dzd dx 

^ |B(0 .s)|(, 

[ \fi^)\dA 

JB{0,2r) / 

^ 2^ds'^-^ ^ 

|B(0.s)l^. 

/ / (f{x + Ziei)-f{x)) dzidx 

JB{0,Vd{r+s)) ^{|zi|<s} ^ ^ 


[ \f{z)\dz) , 

J B{0,2r) / 


where the two inequalities above follow from setting Zk = yk — Zk for all 1 ^ fc ^ i — 1 
and enlarging the domain of x respectively. On the other hand, we can easily see 
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that the right hand side of the inequality above is smaller than 


r r 

J B(0,^{r+s)) 

^ ^ \f{z)\dz 


f{x + zei) - fix) 


I l+Q: 


■ dz dx 


1-^(0) 'S)l V J B{Q,2r) 

Therefore, for any / G and 0 < s ^ r, 


/ ( f 

's(0,r) l-DlOi s)| iB(0,x/d(r-rs)) ^{IzKs} 


/(x + ^Cj) -/(x) 


I l+Q: 


dz; dx 


|/(^)|d^ 


1-^(0) ®)l V JB{0,2r) 

(2) According to the inequality above, for any / G C'“(R'^) and 0 < s ^ r, 

[ /^(x)Rv(dx) 

J B(O.r) 


'B(0,r) 

< 


'inf I 


+ 


2'^ds'^+" 

|R(0,s)|(inf|3,|^r e^(^)) 
2 


dx 


|R(0,s)|(inf| \JB(0,2r) 


E / / 

j=l JB{0,Vd{r+s)) 2{|2|sg<j} 


|/(2;)|dz 


(^/(x-l-zei) - /(x)^ 


I l+Q: 


dz dx 






xE / / 

JB{0,2^/dr) d{| 2 |^s} 
\2 


(^/(x-Lzei) - /(x)) 


ll+a 


dz Ry (dx) 


+ 




2(sup|,^l^2r 
|R(0, s)I (infV yR(o, 2 r) 




|/(x)| /iy(dx) 

2(sup|^l^2r 


^(/,/) + 




du(l/l)^ 


which implies that the local super Poincare inequality (2.11) holds with 


jdrit) = inf 


I |R(0,s)|(inf|3,|,g^e^P)) ^ |R(0, s)| (inf|,j.|^^ e^P)) 


^ t 


for any f > 0. 
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( sun r- e'^G)) 

(3) Next, we fix r > 0. If 0 < t ^ - 7 —then one can choose 

/ n 11 (sup, .^rj ri ^ 

s G (0, r such that - 7 —— 7 —- = t, and so there is a constant Cs > 0 

|_B(0,s)|(inf|3,|^,,e''G)j 

/ \ 2 -\-d/oL 

(independent of r, t) such that jSrit) ^ ^ P|x|< 2 ,/dr — 

2(i+l^y,(i+Q; I g^p ^V{x)\ 

If f ^- 7 — ^ then, by taking s = r in the right hand side of the 


SUP|,„|^2re 


V(x) 


|B( 0 ,r)|(inf|^|^^e'^(“')) 

dehnition of Pr(t) above, we hnd that (3r(t) ^ Cq—-, - 

Combining with both estimates above, we complete the proof. 




□ 


3. Proofs and Complements 

3.1. Proofs of Theorem 1.1, Corollaries and Example. We begin with the 
proof of Theorem 1.1. 

Proof of Theorem 1.1. Since C^(]R‘^) is the core of 3>{D), it is enough to prove 
the desired Poincare type inequalities for any / G According to Proposition 

2.3 and 0^1, there exists a constant tq > 0 such that 

where 

<I)(r) = inf A(x). 

\x\'^r 


Then, for any / G 

We note that for any x, 1 / G R'^, 
'P{x) f{y) 


t'2 I C 2 / n2-w \ \ 


C^r) 


( 0 (x) - m) = f\x) + f\y) 






0 (x) (t){y) 

^nx) + ny)-2\f{x)\\f{y)\ 

which, along with Proposition 2.1(2), yields that 


f M + GG/ (») 


Hy)' 


yv 

Therefore, for any / G C^(R'^), 
(3.12) fiv{flBiO,rY) ^ 


D{f, f) + 77 -§TT/^F(/^ls(o,r-o)), r ^ Tq. 


Ci<h(r) Ci<I>(r) 

On the other hand, by Proposition 2.4, there exists a constant C 3 > 0 such that 
for any / G C)?°(R‘^), r ^ Tq and t > 0, 

yv{P'^B{0,r)) ^tD{f,f) + (3r{t)fXvi\f\Y, 



















POINCARE-TYPE INEQUALITIES FOR SINGULAR STABLE-LIKE DIRICHLET FORMS 17 


where 




(SUP|, 


\^2y/~dr 




Combining it with (3.12), we get that for any / G C'^(R,'^), r ^ tq and t > 0, 
hy(/^) =hv(/^lB(0,r)'=) + hu(/^ls(0,r)) 


(3.13) 


^ u+ 


1 + C2t 
Ci$(r) 


-D(/) /) + /^r(i) ( 1 + 


Co 


Ci<h(r) 




(1) Suppose that 

lim $(r) > 0 . 

r^oo 

Then, for any hxed t > 0, (3.13) is just the defective Poincare inequality. Since the 
conservative and symmetric Dirichlet form {D, ^{D)) is irreducible, i.e. D{f, /) = 0 
implies / is a constant function, it follows from [15, Corollary 1.2] (see also [11, 
Theorem Ij) that the defective Poincare inequality (3.13) implies the true Poincare 
inequality (1.4). 

(2) Now, we assume that 

lim $(r) = oo. 

r—)-oo 

For any s > 0, taking t = sj^ and r = <F“^((2 + C2s)/(Cis)) in (3.13), we can get 
the super Poincare inequality (1.5) with the desired rate function f3 (possibly with 
different positive constants Ci and C 2 )- □ 


Proof of Corollary 1.2. Let e* = mini^j^d^i- We have 

r,?[(f(a;) ^ Cie“^’''^^(l + |t|)^’'''^*, r^p(a:) = and A(a;) ^ C 2 (l + |t|)^*““ 


for some constants Ci, C 2 > 0. Then, (1.3) is satished for any 7 > 0, if ^ a. Next, 
we will prove the desired assertions. 

(1) If Si ^ a for all 1 ^ i ^ d, then the Poincare inequality (1.4) follows from 
Theorem 1.1(1). Assume that for some 1 ^ i ^ d, Si E ( 0 , 0 ;). To disprove the 
Poincare inequality (1.4) in this case, let us consider the function f{x) = g{xi), 
where g G C^(IR). By [5, Theorem 2.1(1)], in the present setting C'[’(1R‘^) C S>{D), 
and so we can apply / G C'^(R'^) C ^{D) into the Poincare inequality (1.4). 
Furthermore, it is easy to see that for this class of functions, the Poincare inequality 
(1.4) is reduced into 

(3.14) m{g‘^)^cf + z) g{x)) m{g) = 0, g e C^{R), 

JrxR \^\ 


where m{dx) = C^^{l + dx. According to [17, Corollary 1.2], we know that 

for Ei G (0,a), the inequality (3.14) does not hold. Therefore, for any constant 
C > 0, the Poincare inequality (1.4) also does not hold. 

(2) Let Si > a for all 1 ^ z ^ d. It is easy to see that $(r) ^ for r large 

enough. Then, <F“^(r“^) ^ for r small enough, so that 


ld{r) ^ C 5 



/d I 1 (1+gi) \ 

^ a ' Q;(e* —a) ^ 


r > 0 


for some constant C 5 > 0. The equivalence of the super Poincare inequality and 
the corresponding bound of [|Pt[|Li(Rd;p^)^.L°°(R‘^;/x^) then follows from [16, Theorem 
3.3.15(2)]. 
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Next, we prove that if Si G (0, a] for some 1 ^ i ^ d, then for any [3 : (0, cxo) 

( 0 , cxo) the super Poincare inequality (1.5) does not hold. Indeed, if the inequality 
(1.5) holds, then, applying the function f{x) = g{xi) (where g G (7^(11)) mentioned 
above, we have 

(3.15) m{g'^) [ (g(^ + ^) g(^)) dzm{dx) +/3(r)m(|ff|)^ r > 0 ,5 G C“(]R). 

However, according to [17, Corollary 1.2(2)], (3.15) can not be true. □ 

Proof of Corollary 1.3. Suppose that £* = mini^j^d^i ^ 0. Then, there are 
constants q > 0 (i = 1, 2) such that for all x G R'^, 

r;'Jx) ^ + |x|)'+“log-(e + |x|), Tjl/x) = 

and A(a;) ^ C 2 log'^*(e+ |x|). It is obvious that (1.3) holds. 

(1) If Ei ^ 0 for all 1 ^ i ^ d, then the Poincare inequality (1.4) follows from 
Theorem 1.1(1). To prove that the Poincare inequality (1.4) does not hold when 
Si < 0 for some 1 ^ i ^ d, we only need to consider the Poincare inequality (3.14), 
where m{dx) = C'£.(l +log~^*(e+|a;|) dx. Then, according to [17, Corollary 
1.3], (3.14) does not hold, and so (1.4) does not too. 

(2) Let Si > 0 for all 1 ^ i ^ d. It is easy to see that $(r) ^ C 3 log^* r for r large 
enough. Then, <h“^(l/r) ^ C 4 exp(c 4 r“^/'^*) for r small enough, so that 

/3(r) ^ exp ^ 05(1 + r >0 

for some constant C 5 > 0. When Si > 1 for all 1 ^ i ^ d, the equivalence of the 
super Poincare inequality and the corresponding bound of [|Pi[lLi(R<*;/iv^)^.L°°(R'';/xv) 
follows from [16, Theorem 3.3.15(1)]. 

Next, we prove that if ^ 0 for some 1 ^ i ^ d, then for any f3 : (0, cxo) (0, cxo) 
the super Poincare inequality (1.5) does not hold. Indeed, in this case, we only 
need to prove that the super Poincare inequality (3.15) does not hold for m{dx) = 
log~^“(e+ |a;|) dx. This is just a consequence of [17, Corollary 1.3]. 
According to [16, Corollary 3.3.4(1)], the super Poincare inequality with P{r) = 
exp(c(l + r“^)) for some c > 0 is equivalent to the log-Sobolev inequality for some 
constant C > 0 , and so according to the conclusions above we can conclude the last 
assertion in (2) for log-Sobolev inequality. □ 

Proof of Example 1.4. We hrst estimate rhf(x) and r^p(x) respectively. On the 
one hand, for all x G R'^, by using the boundness of a* for all 1 ^ ^ d, 

(1 -7 JJ(1 + lx,-1)-'-“!OK) 


^C2 inf inf 

JJ (1 + 

d 

J^(l -1- 

j = l 


^C2 inf 

l^i^d-.\xi\^\x\/y/d 


=C2 inf 

l^i^d\\xi\'^\x\ / y/d 


Hd 


Xi 


\-l-a*-{x\ui) 


ri^f(^) inf inf 
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d 

^C3(l + JJ(1 + 

i=i 

On the other hand, for all x G R'^, 


r™p(a;) ^C 4 snp sup (1+ !«*!) ^ “‘Ohd TT^i 
^C 4 sup IT (1 + |x,|)-i-“^Ki^i-iiO*OK) 
^C4 n 


\Xj\) 


IN-l-aUxIui) 


Under (1.6) and (1.7), (1.3) holds true for any 7 > 0. Furthermore, (1.6) implies 
that for |x| large enough and all 1 ^ j ^ d, aj{x) ^ Nj{x), so for |x| large enough, 

A(x) ^C 5 (l + |x|)^(")-“. 


Having these estimates at hand, we can obtain the required assertions by following 
the arguments of Corollary 1.2 and using Theorem 1.1. □ 


3.2. Complement: Entropy Inequalities and Tensorisation Property for 
Singular Stable-like Dirichlet Forms. In this part, we are concerned with the 
case that the reference measure /iy is a product measure on R'^, and aim to consider 
entropy inequalities for the Dirichlet form [D, S){D)). Note that, the relative entropy 
Entp is dehned on (R*^; p) as follows 

Ent^(/) := /i(/log/) -/i(/)log/i(/), / > 0. 

The following theorem is a direct application of [18, Theorem 1.5] and the sub- 
additivity property of the relative entropy. 


Theorem 3.1. Let fiy = ® ... ® be a product measure on R"^ such that for 
any 1 ^ i ^ d, fii{dxi) = dxi is a probability measure on R, where Vi is a 

Borel measurable function on R and may be unbounded. If for any 1 ^ i ^ d 

there exists a constant Q > 0 such that for any x, |/ G R 


(3.16) 


,Vi{x) ^ ^Vi{y) 


X 


y\ 


l+a 




then the following entropy inequality holds 


(3.17) EnV(/)^2(supCN)D(/,log/), /G^(D),/>0. 

l^i^d 


In particular, the Poincare inequality (1.4) also holds. 


Proof. For the sake of completeness, we provide the details here. For any / G ^{D) 
with / > 0 and for any x G R'^, dehne 

fxAVi) ■= fixi,Xi-i, Vi, Xj+i,..., Xd), i/i G R, 1 ^ ^ d. 

By the sub-additivity property of the relative entropy (see [10, Proposition 4.1] or 
[9, Corollary 3]), for any / G 3>{D) with / > 0, 

d n 

Entp^(/) ^ / ^^^yJxAyi) WyMxj). 

i=l 
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According to (3.16) and [18, Theorem 1.5], for each i the inner relative entropy is 
at most 




-1 


[f{x + zei) - f{x)) [log f{x + zti) -log/(x)) 


' RxR 


11+a 


dz fii{dxi). 


Indeed, write fx,i as fi for simplicity. By the Jensen ineqnality, 
Ent/,,(/*) = ^i^{fi\ogfi) - /ii(/i) log/ii(/i) 

^ /ii(/* log/i) - fIi{f^)Hi{\ogfi) 

1 


(3.18) 


fi{xi) \og fi{xi) + fi{yi) log fi{yi) 


- fiixi) logMyi) - fi{yi) log fi{xi) 




1 

2 


- fi{yi)){log fi{xi) - log fi{yi)) y,i{dyi) fii{dxi). 


On the other hand, by (3.16), we find that 
1 


= 0-1 


{Mxi) - fi{yi)) {log fi{xi) - log fi{yi)) y,i{dyi) y.i{dxi) 
{fi{xi) - fi{yi)) {log fi{xi) - log fi{yi)) 




\^i Vi 


1+Q: 


dyt dxi 


{f{x + zci) - f{x)) (log f{x + zei) - logf{x)) 


'RxR 


11+Q: 


dzfii{dxi), 


which, along with (3.18), yields the above desired assertion. 

Snmming np the conclusions above, we prove the required assertion for the entropy 
inequality (3.17). The last conclusion follows from the well known fact that the 
entropy inequality (3.17) is stronger than the Poincare inequality (1.4). (To see this, 
one can apply (3.17) to the function 1 + ef and then take the limit as e ^ 0.) □ 


The proof of Theorem 3.1 is based on the sub-additivity property of entropy and 
the characterization of Dirichlet form {D, &{D)). Sub-additivity formulas are well 
known for variance and entropy, and then have been extended to <l>-entropies in 
[3, Proposition 3.1], which is called the tensorisation property. The tensorisation 
property for <l>-entropies also can be used to establish <l>-Sobolev inequalities for 
Dirichlet form {D, ^{D)). In particular, by tensorisation property the <I)-Sobolev 
inequalities are then infinite dimensional since they hold on the product space with 
the maximum of the one dimensional constants, e.g. see (3.17). However, such 
statements do not hold for weak/super Poincare inequalities and transportation- 
cost inequalities. See [2, Theorem 5], [8, Section 1.3] and [14, Chapter 22] for more 
details. 

To show that Theorem 3.1 is sharp, we consider the following corollary, which is 
regarded as a continuation of Corollary 1.2. 


Corollary 3.2. Let 


-Vix) 


d 

Cei,...,ed 11(1 IXjl) 
i=l 


e 


(l+Ei) 
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with Si > for all 1 ^ i ^ d. Then the entropy inequality (3.17) holds for some 
constant C > 0 if and only if Si ^ a for all 1 ^ i ^ d. 

Proof. Ei^ a for all 1 ^ i ^ d, then (3.16) holds (see [18, Example 1.6]), and so 
the desired entropy ineqnality (3.17) follows from Theorem 3.1. On the other hand, 
since the entropy ineqnality (3.17) is stronger than the Poincare inequality (1.4), 
by Corollary 1.2(1), we know that (3.17) does not hold when G (0,0;) for some 
1 ^ i ^ d. □ 


3.3. Complement: Weak Poincare Inequalities for Singular Stable-like 
Dirichlet Forms. In the end of this section, we turn to the weak Poincare inequal¬ 
ity, which can be used to characterize various convergence rates of the associated 
semigroups slower than exponential. In the following, let pvo{dx) = dx be 

a probability measure on such that is a bounded measurable function, 

and (1.3) and hmj.^o 4)(r) > 0 hold with Vq in place of V. Then, for a probability 
measure nvidx) = dx, we have 


Theorem 3.3. Suppose that 

(3.19) sup < oo. 

If there exist a family of Borel sets such that 'j' R'^ as s ^ oo, $ 0 ( 5 ) • = 

suPxeAs < cxo for any s > 0 and lims^oo‘ho(s) = 00 , then the following 

weak Poincare inequality 

(3.20) Mf) ^ v{r)D{f, f) + r||/|l^, r > 0, / G = 0 

holds for 

ri{r) = Cinf |<l>o(s) : s > 0 such that fiv{As) ^ ^ ^ | 

with some constant C > 0 independent of r. 

In particular, under (3.19) the weak Poincare inequality (3.20) holds with 

Tjir) = Cl inf |s : s > 0 such that pLyiDs) ^ -1, 

I 1 -|- r J 

where = {x G R'^ : ^ s} and Ci> is independent of r. 

Proof. Since C^(R'^) is a core of S'{D), we only need to consider / G C^(R'^). 
According to Theorem 1.1(1), the following Poincare inequality 

i s eCf{K‘),p.v„U) ^ a 

jRdxR cl 


holds for some constant Ci > 0. Let be a family of subsets as in theorem. 

Therefore, for any s > 0 and / G C))°(R'^), 



hu(As) 


f{x)piv{dx)] piv{dx) 


= inf 

aSR 



aY nv^dx) 


^ [ Ui.x) - iivYf)f Tv{dx) 
J As 
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< 


e-V{x) 

sup _y , . 
x&As e 


^ Cl ( sup 


A, 

-V{x) N 


{f{x) - fIVo{f)f f^Voidx) 

{f{x + zei) - f{x)f 


e-^o{x) 

d n 

^ C2$o(s) Y1 / 

i=l 


E 


^R'^xR 


(f(x + zei) - f{x)) 
I yl l+« 


1+0 

2 


dz fivoidx) 


■ dz jjLv{dx)^ 


where in the last inequality we have used (3.19). Then the required weak Poincare 
inequality (3.20) follows from [16, Theorem 4.3.1]. 

Taking Ag = Dg and using the fact $ 0 ( 5 ) = sup 3 ,g£,^ ^VoiA-y^x) ^ gg^. 

the second assertion. □ 


We consider the following corollary to illustrate the power of Theorem 3.3. 

Corollary 3.4. [Continuation of Corollaries 1.2 and 1.3] 

(1) Let 

d 

.+ 

i=l 

with 0 < £* := mini^j^rfCj < a. Then the weak Poincare inequality (3.20) 
holds with 

(3.21) r 7 (r) = Cl ^1 + j, r>0 

for some constant ci > 0. Consequently, there exists a constant A > 0 such 
that 

ll-Pi “ hv||L°°(R'i;iiy)^L 2 (Rd.^^) : = SUp \\Ptf — fJ^v{f)\\L^{Rd-fj,v) 

/eL°°(R‘*;Atv) 

^ ^ t > 0. 

In particular, let be the density function above with Sk E (0, a) for 

some 1 ^ k ^ d and Si G [a, 00 ) for any i ^ k. Then, the rate function a 
given by (3.21) is 

r 7 (r) = C 3 ^1 + j, r >0 

for some constant C 3 > 0, which is sharp in the sense that (3.20) does not 
hold if 

lim r^"“^'=^/'^'=r 7 (r) = 0 . 

1—>0 

(2) Let 

d 

^_vix) ^ Hil + |x,!)-('+“) log-^»(e + |a;,|) 

i=l 

with £* := mini^j^rfej < 0. Then the weak Poincare inequality (3.20) holds 
with 


(3.22) 


r 7 (r) = c^l + log Ei=i(£iA 0 )j'j^ ^ r>0 
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for some constant c > 0. Consequently, there exist constants Ai and A 2 > 0 
such that 

\\Pt — := sup \\Ptf — P-u(/)||L2(R‘*;/iy) 

^exp(Ai-A2ti/('-Sti(^.A0)))^ 

In particular, consider the density function 

= C* I JJ(1 + |a:i|)"(i-^") I I log'^''(e+Ixfcl) JJ log"^'(e + |Ti| 


vi=l 




on with 9k > 0, £i 0 for some 1 ^ k ^ d and any i ^ k and C is the 
normalizing constant. Then, the rate function a defined by (3.22) is reduced 
into 


?7(r) = c^l + log^'=(l + r r>0 


with some constant c > 0, which is sharp in the sense that (3.20) does not 
hold if 


limlog ®'=(l-|-r ^)p(r) = 0. 

r^O 


Proof (1) Let 


g-UoW = n 


6^1 . ,,£( 1 , 0 . 


+1^*1) 


-(l-l-(eiVo)) 


i=l 


Then, (3.19) holds. On the other hand, for any s > 0, let 

As = {x e R*^ : |xj| ^ s for 1 ^i ^ d such that £i < a}. 
Then, there is a constant ci > 0 such that for all s > 0, 

<ho(s) = ci(l + s)T;i=i("-£i)'''_ 


Hence, for r > 0 small enough, 

h(^) ^ C 2 ipf I(1 + : s > 0 and ^ ^ Csl}- 

I (1 -|- J 

L0<£i<o ' ' 

Setting s = C 4 r“^/^* for r > 0 small enough and some constant C 4 > 0 in the 
right hand side, we can get the hrst assertion by Theorem 3.3. Furthermore, the 
corresponding bound of \\Pt — fiv\\L°°(R‘^iiiv)^L^in‘^wv) from [16, Theorem 

4.1.5(2)]. Here we mention that, since ||Pt/ - iavf\\L^(nd.^y) < 2||/||j,cx,(r 4.^^) for all 
t > 0, the bound in t is useful only for large t. Suppose that the weak Poincare 
inequality (3.20) holds for a probability measure 

..,(1 + n (1 + L.I)'"*'*' 

on R'^ with Sk E (0, a) and e, G [a, 00 ) for some 1 ^ k ^ d and any i ^ k. We 
consider the function f{x) = g{xk), where g G (^“(R). Also by [5, Theorem 2.1(1)], 
we can apply / G C'^(R'^) C S>{D) into the weak Poincare inequality (3.20), and 
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obtain that for this class of functions the weak Poincare inequality (3.20) is reduced 
into 


(3.23) 


m{g^) ^r]{r) 


'RxR 


{g{x + z) -g{x)f 

I I l+a 


dzm{dx) 

m{g)=0,geCTm, 


2 

CO’ 


where m{dx) = + \x\)~’d+^k') dx and Sk G (0,a). Then, the last assertion is a 

consequence of [17, Corollary 1.2(3)]. 

(2) Let 

d 

^ .J](l + |i,|)-<‘+“)log-('‘™'(e + |i,|). 

i=\ 

Then, (3.19) holds. On the other hand, for any s > 0, let 

G IR'^ : ^ s for 1 ^ d such that e* < 0 }. 


We can hud some constant ci > 0 such that for all s > 0, 


$o(s) 


Cl 


log(e + s) 


Ef=i(£iA0) 


where — A 0) > 0. Then, for r > 0 small enough. 


h(c) ^ C 2 inf < ( log(e + s) 


-EtihiAO) 


: s > 


0 and 


i:ei<0 


(1 + s)“ log^*(e + s) 


< Csr 


Therefore, we can prove the first assertion, by using Theorem 3.3 and taking s = 

( \ i/“ 

^ log~'^*(l + ^) 1 for r > 0 small enough and some proper constant C 4 > 0 in 
the right hand side of the inequality above. 

Furthermore, the corresponding bound of \\Pt — /iv||L°°(R'';nvA)^-L 2 (Rd.^^) follows 
from [16, Theorem 4.1.5(1)]. Suppose that the weak Poincare inequality (3.20) 
holds for a probability measure with the density function as follows 


e = C f JJ (1 + Ixil) hog®'=(e + |xfc|) JJ log ^'(e+|xi|) 

where 6k > 0 and ^ 0 for some 1 ^ k ^ d and any i ^ k. We consider the 
function f{x) = g{xk), where g G C'))°(R). Then, the weak Poincare inequality 
(3.20) is reduced into the inequality (3.23), where 

m{dx) = log®'“(e + |a:|) dx 

and dk > 0. Hence, the last assertion follows from [17, Corollary 1.3(4)]. □ 
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